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A simulation of triaxial shear tests on unsaturated silty specimens was performed under constant conﬁning pressure and various drained and
exhausted conditions starting from a single initial condition and passing through processes of suction variation and isotropic consolidation
considering the triaxial test as an initial and boundary value problem. The simulation made use of a soil–water–air coupled ﬁnite deformation
analysis code incorporating the SYS Cam-clay model as the constitutive equation of the soil skeleton and applying the average soil skeleton stress
in the stress equation. The results showed that the coupling effect of the highly compressible air has a signiﬁcant effect on the mechanical
behavior. In addition, the results also explained other behaviors that would have been outside the capability of an analysis model that did not take
account of factors other than air coupling such as suction. The authors wish to place special emphasis on the following ﬁndings:
(1) For simulation purposes, even using a soil water characteristic curve determined uniquely by the relationship between the degree of saturation and
suction, it is still possible to calculate the increase in the degree of saturation for the drained and exhausted shear tests (under constant suction).
(2) A comparison of the experimental and calculated initial stiffnesses, volumetric strains, etc. showed that suction has an inhibiting effect on plastic
deformation not only in drained and exhausted, but also in undrained and unexhausted conditions.
(3) For tests in which the volumetric restraint conditions of specimens were varied by controlling the air pressure under undrained conditions, results
suggested that an introduction of gas leading to a rise in gas pressure within a highly structured ground may produce a risk of the ground
displaying strain softening behavior. In the simulation, it was shown that this softening behavior can be represented in terms of structure decay as
described by the SYS Cam-clay model.
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The difference between an unsaturated and a saturated soil
depends on the presence or absence of air. Presence of air in a
soil will create surface tension on the pore water, allowing the
pore water pressure to remain at values lower than the pore airElsevier B.V. All rights reserved.
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here on, “suction”). Since the amount of suction has an effect on
the mechanical behavior of unsaturated soils, many studies have
focused on suction difference. The Barcelona Basic Model
(BBM) developed by Alonso et al. (1990) based on the
Modiﬁed Cam-clay model (Schoﬁeld and Wroth, 1968;
Roscoe and Burland, 1968) marked the ﬁrst attempt to develop
a constitutive equation permitting a uniﬁed description of the
compression and shear behaviors of unsaturated soils. By
introducing suction into the yield function, the BBM made it
possible to represent such typical mechanical behaviors of
unsaturated soils as collapse compression after an absorption
of water and the increases produced by suction in pre-
consolidation stress, strength and stiffness. Kohgo et al.
(1993) not only treated suction as a function of the yield
surface but also proposed an effective stress equation that made
particular reference to differences in the water retention condi-
tions of soils. In place of suction, there are other constitutive
equations include the (effective) saturation degree in the yield
function (for example, Tamagnini, 2004; Ohno et al., 2007;
Zhang and Ikariya, 2011). However, most of the studies
undertaken to date for the development and reﬁnement of
constitutive equations have been carried out in the frameworks
proposed by Alonso et al. (1990) and/or Kohgo et al. (1993).
In the case of soils that contain air, there is also a need to
take account of its ﬂow and high compressibility. In heavy
rainfall, earthquakes, or other conditions under which air
cannot be sufﬁciently expelled or adsorbed, changes of
pressure occur not only in the pore water but also in the pore
air, causing variations in the volume of the air itself, and hence
also in that of the soil pores. The considerable effect that a
change in volume can have on the mechanical behavior of a
soil is more than evident from the differences in behavior
found with saturated soils under drained and undrained shear
conditions, and for this reason it is important to give due
attention to the air properties of permeability and high
compressibility. Kodaka et al. (2006) have demonstrated the
importance of this with their results from triaxial tests on
unsaturated silty specimens under undrained and unexhausted
conditions as well as drained and exhausted ones. Additional
details relevant to these tests have been described in the work
of Oka et al. (2010). As for research based on numerical
analysis, Khoei and Mohammadnejad (2011) in their analyses
of results for seismic responses in dams, compared the
reliability of governing equations using pore air pressure
estimates (1) obtained from the equation of the law of
conservation of mass applied to the pore air and (2), without
use of the equation, based on a simple assumption that the pore
air is always at atmospheric pressure. Their study showed that
the method (1) is necessary for a reliable prediction of the
behavior of unsaturated soils. Unno et al. (2013) used a
simulation of undrained and unexhausted cyclic triaxial tests
to investigate how the results of analyses are affected by the
use of the same two methods, (1) and (2), and also a third
method, (3), in which it is assumed that the pore air pressure is
equal to the pore water pressure. They concluded that the
method (2), the assumption that the pore air pressure remainsconstant at atmospheric pressure, is unable to replicate the
experimental results because it overestimates the compressi-
bility of the air. As can be seen, there is an increasing need for
methods of testing and analysis capable of dealing with cases
where the pore air pressure varies from atmospheric pressure
as distinct from the methods used up to now that have regarded
pore air pressure as remaining constant.
With the above background in mind, this paper reports a
numerical simulation of triaxial tests performed in a 3-phase
system in which analyses of the soil skeleton are coupled not
only with the states of the pore water but also, as in assumption
(1) above, with those of the pore air. In order to investigate the
effect of the air at the test specimen level, albeit from a more
elemental standpoint, the triaxial test is treated as an initial and
boundary value problem in which the initial and boundary
conditions are clearly speciﬁed. On the basis of this, a series of
drained/exhausted and undrained/unexhausted triaxial com-
pression tests on unsaturated silty specimens (Kodaka et al.,
2006; Oka et al., 2010) is simulated. In addition, details are
also provided of triaxial tests in which the air pressure was
controlled at various levels under an undrained condition
(Kodaka et al., 2006) and simulation results for these
controlled-pressure tests are presented.
Two of the points made above should be emphasized. The
ﬁrst is that the triaxial test is treated as the solution for an
initial and boundary value problem by a soil–water–air
coupled analysis differently from several studies in which a
model test was treated (for example, Xiong et al., 2014;
Matsumaru and Uzuoka, 2014). The second is that the
processes of back pressure increase, suction variation, con-
solidation, and shear were all simulated beginning from a
“single initial condition” as would be the case in a real
experiment. The analysis code used was the soil–water–air
coupled ﬁnite deformation analysis code (Noda and
Yoshikawa, 2015) developed by the authors and the constitu-
tive equation of the soil skeleton mounted on it is the SYS
Cam-clay model (Asaoka et al., 2002). Since the main focus
here is on the air coupled effects, no account is taken in the
calculations to the alterations occurring in the constitutive
equation due to suction or in the soil water characteristic curve
due to factors such as hysteresis or void ratio variation. It is
shown, however, that this reference to the air coupling alone is
sufﬁcient to allow a good description of the distinctive features
of the mechanical behavior of the unsaturated silt under the
various drained and exhausted conditions. Of course, it is
frankly conceded that there are also behaviors that cannot be
described without recourse to the effects of suction. But this
merely highlights one future issue that needs to be resolved in
order to improve further on the precision of the analysis code.
2. Outline of the method of analysis (Noda and Yoshikawa,
2015)
The analysis code is based on a u–pw–pa formulation. For
the spatial discretization of the equation of motion, the ﬁnite
element method is employed, while for the soil skeleton–
water–air coupled equations, extensions of the physical models
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(Asaoka et al., 1994; Noda et al., 2008). For temporal
discretization, a method (Noda et al., 2008) compliant with
Wilson's θ method (Wilson et al., 1973) has been adopted.
Details of the method are described elsewhere (Noda and
Yoshikawa, 2015) and are omitted in this paper, which is
centered on the governing equations.
Eqs. (1)–(3) constitute the equation of motion, the soil
skeleton–water coupled equation, and the soil skeleton–air
coupled equation, respectively
ρ Dsvsð Þ ¼ div Tþρb; ð1Þ
swdivvsþ
1
ρw
div ρw
kw
γw
gradpwþρwbρw Dsvsð Þ
  
þn Dsswð Þþ
nsw
Kw
Dsp
wð Þ ¼ 0; ð2Þ
sadivvsþ 1
ρa
div ρa
ka
γw
gradpaþρabρa Dsvsð Þ
  
þn Dssað Þþ
nsa
ρaRΘ
Dsp
að Þ ¼ 0; ð3Þ
where Ds is an operator expressing the material time derivative
as seen from the soil skeleton, vs and Dsvs are the soil skeleton's
velocity vector and acceleration vector, respectively, T is the
Cauchy total stress tensor (tension: positive), b is the body force
vector per unit mass, pw is the pore water pressure (compression:
positive), pa is the pore air pressure (compression: positive), sw is
the degree of saturation ðsa ¼ 1swÞ, n is the porosity, ρ
indicates the density of the soil as a whole, ρw and ρa indicate
the densities of the water and the air, respectively, γw is the unit
weight of water, kw is the coefﬁcient of water permeability, ka is
the coefﬁcient of air permeability, Kw denotes the bulk modulus
of water, R the gas constant of air, and Θ the absolute
temperature. It is assumed that air obeys the equation of state
of an ideal gas. It is further assumed that (i) the soil particles are
incompressible, (ii) there is no variation in the temperature, and
(iii) there is no mass exchange between the phases.
In the method of analysis followed here, the term denoting the
temporal variation of the degree of saturation sw is not replaced by
terms denoting the temporal variation of suction and speciﬁc
moisture capacity but is treated explicitly as an unknown. This is
compensated for as shown in Eq. (4) by introducing the soil water
characteristic curve as an additional equation for the solving of the
set of simultaneous equations (u–pw–pa–sw formulation)
f ðpw; pa; sw; n;Dspw;Dspa;Dssw;Dsn;⋯Þ ¼ 0; ð4Þ
where f is the function form supplying the water characteristics of
the soil and is dependent on the model that is used. In this paper,
the van Genuchten equation was used (van Genuchten, 1980) to
assign a rate type function form as shown in Eq. (5).swmaxswmin

 
n0 1ð ÞαðαpsÞn0 1 1þðαpsÞn0
n om0 1
Dspsð Þþ Dssð
Dsps ¼ 0
8<
:In this equation, ps is the suction, swmax is the maximum degree
of saturation, swmin is the minimum degree of saturation, and m
0
and n0 are parameters of the van Genuchten equation having the
relationship m0 ¼ 11=n0. The function form swoswmax is the
incremental form of the van Genuchten equation. By treating sw
explicitly as an unknown and introducing the soil water
characteristic curve as an additional equation as shown in Eq.
(5), it is possible to deal with degrees of saturation higher than
swmax (Noda and Yoshikawa, 2015).
As the stress formula, the average soil skeleton stress
(Jommi, 2000) is used, as expressed in Eq. (6).
T0 ¼ TðswpwþsapaÞI ð6Þ
Here T0 is the skeleton stress tensor (tension: positive) and I
is the identity tensor. This formula is the same as can be
obtained by substituting χ in Bishop's effective stress formula
(Bishop, 1959) with the degree of saturation sw.
The SYS Cam-clay model (Asaoka et al., 2002) is used as
the constitutive equation of the soil skeleton. Since this study
is focused on air coupled effects, no changes are made to the
constitutive equation to allow for the effects of suction, etc.
The equations of water permeability kw and air permeability
ka, derived by applying the van Genuchten equation to the
Mualem model (Mualem, 1976), are shown next
kw ¼ kws USe
1
2 1 1Se 1m0
 m0 	2
; ð7Þ
ka ¼ kad U 1Seð Þ
1
2 1Se 1m0
 2m0
; ð8Þ
where kws is the saturated coefﬁcient of water permeability and
kad is the dry coefﬁcient of air permeability. Here, the variations
in kws and k
a
d due to void ratio change are not taken into
account since the effect of void ratio change on the water and
air permeabilities is much less than the effect of any change in
the (effective) degree of saturation. Se is the effective degree of
saturation as deﬁned by the equation below
Se ¼
sw swmin
swmax  swmin ðwhen swoswmaxÞ
1 ðwhen swZswmaxÞ
:
(
ð9Þ
The solution for the initial and boundary value problem is
obtained by solving a total of 6 equations, i.e., 3 equations in
Eq. (1) along with Eqs. (4)–(6) for 6 unknowns, i.e., the
3 displacement components of the soil skeleton, the pore water
pressure pw, the pore air pressure pa, and the degree of
saturation sw.3. Outline of reference tests and conditions of analysis
The reference tests for this study were a series conducted by
Kodaka et al. (2006). An outline of these tests and thewÞ ¼ 0 ðwhen swoswmaxÞ
ðwhen swZswmaxÞ
ð5Þ
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Fig. 1. Suction–cell pressure relationship.
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Fig. 2. Schematic drawing of the triaxial test apparatus.
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section.
The soil used for the tests was DL clay (speciﬁc gravity
2.65), and the specimens were prepared as follows:
(i) From a soil material mixed to have a water content of
20%, unsaturated test specimens were prepared by static
compaction in cylindrical molds 50 mm in diameter and
100 mm in height. These specimens had a void ratio of
1.14 and a degree of saturation between 46 and 47%. The
suction at this stage was 20 kPa.
(ii) The specimens were placed in the triaxial test apparatus,
and the cell pressure was raised to 20 kPa under the
undrained condition.
iii) The cell pressure and air pressure were then raised
simultaneously by 250 kPa to produce a cell pressure of
270 kPa and an air pressure of 250 kPa. This is done by
means of a process in which the back pressure is increased
while the difference between the cell pressure and the air
pressure is maintained constant.
iv) After the back pressure has been raised, the water pressure
alone is adjusted to reach prescribed levels of suction (this
paper presents results for suction pressures of 0, 10, 30, 50,
and 100 kPa). Fifteen minutes after the end of this suction
application process, the cell pressure alone is raised to
450 kPa, and then left for about 1 day to consolidate.
Stages (iii) and (iv) above are illustrated in Fig. 1, in which
the vertical and horizontal axes indicate the suction and cell
pressure, respectively. The following shear tests were con-
ducted on the specimens after they had passed through stages
(i)–(iv):
) Drained and exhausted shear tests.
) Undrained and unexhausted shear tests.
) Shear tests under the undrained condition at various con-
trolled air pressure levels.
In the case of (C), specimens prepared under a suction
pressure of 50 kPa before shearing were used. The method ofair pressure control will be detailed later in Section 7. The
volume change in the specimens was calculated from the axial
and lateral displacements. The lateral displacement was
measured using gap sensors. Consequently, the accuracy of
measurement for the volume change goes down as the
deformation becomes markedly less uniform. From prelimin-
ary trials with saturated soil specimens, it was conﬁrmed that
the reliability of the volumetric strain measurement becomes
low after the axial strain reaches around 10%. For the water
and air pressure measurements, the paths of access connecting
the pore water and air within the specimens with the exterior
could be kept completely separate by means of a pedestal ﬁtted
with a ceramic disk (AEV 200 kPa) at the bottom of the
specimen and a water repellent polyﬂon ﬁlter at the top. The
water pressure was measured using a pore water pressure
gauge set up outside the cell. Accurate measurements of the
pore air pressure were obtained using a pore air pressure gauge
connected directly to the upper pedestal without any need of
passing the air through tubes or other conduits (Kodaka et al.,
2006; Oka et al., 2010). Fig. 2 shows a schematic drawing of
the test apparatus, and Fig. 3 is a photograph of the pore air
pressure gauge ﬁtted directly to the upper pedestal.
The material constants and the initial values relating to the
constitutive equation of the soil skeleton are shown in Table 1.
For simplicity, anisotropy is not considered in this paper (the axis
of rotation tensor β¼ 0). The structure here is one of the soil
skeleton structure types represented in the SYS Cam-clay model
(Asaoka et al., 2002) where it would stand for the level of
“bulkiness”. As shown in Fig. 4, the values in Table 1 are for
material constants and initial conditions that exist commonly for
all three of the test types (A)–(C) speciﬁed above and which are
best able to simulate all of the results of the drained and
exhausted shear test (“Drained”; see Section 5), the undrained
and unexhausted shear test ( “Undrained”; see Section 6), and the
constant volume undrained shear test under air pressure control
(“Constant volume”; see Section 7), carried out on specimens
prepared under a suction pressure of 50 kPa before shearing. The
critical state constant M, initial void ratio e0 and initial stress ratio
η0 are the same as the experimental values. Other material
Air operated valve
Air pressure transducer
Fig. 3. Photograph of the pore air pressure measuring device.
Table 1
Material constants and initial values related to the constitutive equation of the
soil skeleton.
Elasto-plastic parameters
Speciﬁc volume at q¼ 0 and p0 ¼ 98:1 kPa on NCL N 2.04
Critical state constant M 1.23
Compression index ~λ 0.05
Swelling index ~κ 0.01
Poisson’s ratio ν 0.3
Evolution rule parameters
Degradation index of overconsolidation m 1.3
Degradation index of structure a 1.0
Degradation index of structure b 1.0
Degradation index of structure c 1.0
Degradation index of structure cs 0.8
Evolution index of rotational hardening br 0.0
Limit of rotational hardening mb –
Initial values
Degree of structure 1=R0 5.0
Overconsolidation ratio 1=R0 2.5
Void ratio e0 1.13
Stress ratio η0 0.0
Degree of anisotropy ζ0 0.0
T. Yoshikawa et al. / Soils and Foundations 55 (2015) 1372–13871376constants and initial values were determined by trial and error
while referring to previous studies (Asaoka et al., 2002; Noda et
al., 2005; Yamada and Nakano, 2007; Nakano et al., 2008) and
taking account of the physical characteristics of DL clay, a non-
plastic silt (Kodaka et al., 2006; Oka et al., 2010). The same
material constants and initial values were used for the other cases
as well. It can be appreciated from the value for the degree of
structure (1=R0) that the specimen possesses a relatively high
degree of structure initially. One point of hesitation is that while
the set of test data selected for the determination of parameters
here is the one for ps¼50 kPa, it would ideally be better to use
either the values for saturated specimens in the work of Kodaka et
al. (2006) and Oka et al. (2010) or else the ones for ps¼0 kPa in
the present paper. In Kodaka’s work, however, the use of a
double suction method means that the specimens rapidly became
saturated before shearing, which is different from the case in thepresent simulation in which water is transferred slowly in or out
by variation of suction. Further, in the case of zero suction, as will
be shown later (Fig. 7 below), the absorption of water and
resulting change in volume during the suction and isotropic
consolidation processes do not show signs of convergence.
Taking these points into consideration, the data chosen for
determining the material constants and initial values was the set
of the constant volume shear test results obtained under undrained
conditions and air pressure control, which is equivalent to the
case of a saturated soil in volumetrically constrained conditions.
The other two sets of test results for ps¼50 kPa in drained and
undrained conditions were used for improving the accuracy of the
analysis. Table 2 shows the material constants and initial values
relating to the soil water characteristics and the water and air
permeabilities. Fig. 5, based on these parameters, shows the soil
water characteristic curve and the relationships between suction
and the coefﬁcients of water and air permeabilities. Although
detailed models such as those that consider the effects of
hysteresis during drainage and water absorption and/or variation
of void ratio, etc., were not employed for the soil water
characteristic curve, the parameters were conﬁgured so that the
test results obtained for the degree of saturation for each value of
suction before shearing were simulated as nearly as possible.
Since the initial suction was assigned as 20 kPa, it follows that
the test values for ps¼0 and 10 kPa were obtained in the wetting
process and those for ps¼30, 50 and 100 kPa in the drying
process. The saturated coefﬁcient of water permeability employed
was one previously used for DL clay by Kohgo and Tokoro
(2011). The dry coefﬁcient of air permeability was calculated
from the saturated coefﬁcient of water permeability using the ratio
of the viscosity coefﬁcients of air and water (Muskat, 1937). The
initial values shown in Tables 1 and 2 are those obtained for a cell
pressure of 20 kPa applied to the prepared specimens at stage (ii)
above. Calculations began from these same values even in cases
where the amount of suction applied or the drainage or exhaust
conditions during shear were different.
Fig. 6 shows the ﬁnite element mesh and the boundary
conditions. For simplicity, a cross section of the cylindrical
specimen was used, assuming axial symmetry. The inﬂuence
of gravity was neglected, and the body force vector per unit
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Fig. 4. Experimental and calculated results of (1) the drained and exhausted shear test, (2) the undrained and unexhausted shear test, and (3) the undrained constant
volume shear test under air pressure control, with the test specimens being under 50 kPa suction pressure before shearing (determination of material constants and
initial values related to the constitutive equation of the soil skeleton).
Table 2
Material constants and initial values related to the soil water characteristics and
other physical properties.
Soil water characteristic
Maximum degree of saturation (%) swmax 70.0
Minimum degree of saturation (%) swmin 5.00
van Genuchten parameter (kPa1) α 0.07
van Genuchten parameter n0 1.6
van Genuchten parameter m0 0.375
Saturated coefﬁcient of water permeability (m/s) kws 6:68 107
Dry coefﬁcient of air permeability (m/s) kad 3:68 105
Initial degree of saturation (%) sw0 46.5
Physical property
Soil particle density (g/cm3) ρs 2:65
Bulk modulus of water (kPa) Kw 2:19 106
Speciﬁc gas constant of air (m2/s2/K) R 287.04
Absolute temperature (K) Θ 293.15
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condition of the rigid friction pedestals at the upper and lower
ends of the specimens, constraint conditions (invariant length,
invariant angle) were imposed between the nodes (Asaoka et
al., 1998; Noda et al., 2008), and the data was appropriately
treated to allow an increased freedom of deformation at the
corners (Asaoka et al., 1994). The air and water boundary
conditions were controlled at the upper and lower ends
respectively in the same manner as in the reference tests.The rate of increase/decrease of the cell pressure, air pressure,
and water pressure during the processes of back pressure
increase, suction variation, and isotropic consolidation was set
at 2 kPa/s. As in the reference tests, during shear, the speci-
mens were compressed from the upper end at a constant rate of
axial displacement while the lower end was kept ﬁxed in the
vertical direction. The axial strain rate was set at 0.05%/min
for the drained and exhausted shear tests and 0.5%/min for the
other shear tests.
The results of the calculations are based on the apparent
behavior of the specimen inferred from the observed behaviors
of its elements. The stress was assessed by calculating the
reaction force from the equivalent nodal forces of the nodes
located at the upper end, giving consideration to the conﬁning
pressure. Throughout these calculations, the cross section was
corrected assuming the specimen to be cylindrical. The axial
strain is calculated as axial displacement divided by specimen
height before shearing. Pore air or water pressure, under
undrained or unexhausted conditions, was calculated as the
mean value of all of the soil elements that were located at the
lower or upper end making allowance for the condition of axial
symmetry. The degree of saturation and the volumetric strain
were calculated as the mean value of all of the soil elements in
the specimen, allowing for axial symmetry. The amount of
drained water was calculated from Eq. (10)
ΔVw
V0
¼ e0s
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1þe0
; ð10Þ
0 50 100
0
20
40
60
80
100
Suction ps (kPa)
D
eg
re
e 
of
 sa
tu
ra
tio
n
sw
 (%
)
 Experimantal data
 Computational condition
0 50 100
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
Suction ps (kPa)
C
oe
ff
ic
ie
nt
 o
f
w
at
er
 a
nd
 a
ir 
pe
rm
ea
bi
lit
y
kw
 a
nd
 ka
 (m
/s
ec
)
kw
ka
20 30 40 50 60 70
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
Degree of saturation
sw (%)
C
oe
ff
ic
ie
nt
 o
f
w
at
er
 a
nd
 a
ir 
pe
rm
ea
bi
lit
y
kw
 a
nd
 k
a  (
m
/s
ec
)
kw
ka
Fig. 5. Soil water characteristic curve and relationships between the coefﬁ-
cients of water and air permeability and suction or degree of saturation.
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volume of the specimen before the start of water absorption or
drainage, e is the void ratio, and sw is the degree of saturation.
The sufﬁx 0 indicates the value immediately before the start of
absorption or drainage. For the suction variation and isotropic
consolidation processes, the amount of drained water ΔVw is
used. For the drained and exhausted shear results, the strain
value ΔVw=V0 is used.
The following sections present the experimental and calcu-
lated results for the processes of suction variation, isotropic
consolidation, and shearing. The results pertaining to the
raising of back pressure are omitted here because the deforma-
tion and the changes in the average soil skeleton stress
were small.
4. The processes of suction variation and isotropic
consolidation
The experimental and calculated results for the processes of
suction variation and isotropic consolidation are shown in Figs.
7 and 8, respectively. Suction was ﬁrst applied at a prescribed
pressure (0, 10, 30, 50, 100 kPa) and then after 15 min a
process of isotropic consolidation was initiated by raising the
cell pressure from 270 kPa to 450 kPa. Looking at the curves
for the amounts of drained and absorbed water, since the value
of suction pressure ps after the raising of the back pressure was
approximately 20 kPa in both the experiments and the calcula-
tions, the curves ps¼30, 50 and 100 kPa represent drainage
while ps¼0 and 10 kPa represent absorption. In the calculated
results (Fig. 8), it can be seen that the convergence time for
drainage or absorption is shorter for smaller suction pressures.
This is because a low suction pressure, in other words a high
degree of saturation, results in a greater water permeability, as
shown earlier in Fig. 5. In the case of the experimental results
(Fig. 7), convergence for drainage proceeds faster in the order
ps¼30, 50 and 100 kPa, that is to say, the higher the water
permeability the faster the convergence, which is the same
trend as for the calculated results. In the single case of
ps¼100 kPa, the reason for the difference in the amount of
drained water between the experiment and the calculation was
that the coefﬁcient of water permeability in the calculation was
so low that the drainage process had not yet run its complete
course. With the absorption curves there is less convergence,
and especially in the case of ps¼0 kPa, despite the fact that the
coefﬁcient of water permeability is the higher here than at any
of the other four levels of suction pressure, the curve fails to
converge at all.
The volumetric strain arises in a sharp ascent with the
raising of the cell pressure 15 min after the start of the
experiments. The calculated results (Fig. 8) indicating that
the mean skeleton stress (Jommi, 2000) increases with the
increase in the suction pressure mean that compression also
rises in the same proportion. The experimental results for
volumetric strain (Fig. 7) show that the water absorption leads
to a collapse in cases ps¼0 kPa and 10 kPa, and that no
consolidation convergence occurs, especially in the case of
ps¼0 kPa. Jennings and Burland (1962) long ago pointed out
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behavior with the use of Bishop’s effective stress equation
(Bishop, 1959) alone, even in the set out form of an initial and
boundary value problem. Nor is it possible to simulate this
paradoxical behavior of volumetric change and water absorp-
tion running on non-stop in spite of a high coefﬁcient of
permeability. The authors believe that if methods to describe
the collapse behavior due to water-absorption are developed
through future studies, it would become possible to provide a
workable simulation of the relationship of water absorption
and volumetric strain to the passage of time.
In this section, the processes of water absorption and
drainage resulting from suction variation and isotropic con-
solidation were analyzed as initial and boundary value
problems. It was shown that while it is possible to offer a fair
simulation of drainage behavior, nothing of the sort can be said
for the behaviors of water absorption. These behaviors have
their causes in soil collapse, which, notwithstanding the high
levels of water permeability, means that deformation and water
absorption are able to continue over protracted lengths of time
(more than 24 h in the reference tests) without settling into a
course of converge.
5. Drained and exhausted shear tests (constant suction)
Experimental and calculated results of triaxial compression
tests under drained and exhausted conditions with constant
conﬁning pressure are shown in Figs. 9 and 10, respectively.
Regarding the deviator stress–axial strain relationship in Figs.
9(a) and 10(a), the strength can be described as increasing
suction ps. As seen in the skeleton stress paths of Figs. 9(b) and 10(b), this is because the mean skeleton stress (Jommi,
2000) begins higher for higher values of ps, and progresses
along a path with a ratio of about 1:3 during shear under
constant conﬁning pressure. In the case of the experimental
results, differences are found between samples prepared at
different applied suction pressures ps both as regards the initial
degrees of stiffness for the axial stress–strain relations in Fig. 9
(a) and the volumetric strains for the volumetric and axial
strain relations in Fig. 9(c). But in the results calculated from
the constitutive equation of saturated soil, in which suction
effects are of no account, no variation of importance appears
among the skeleton paths and accordingly no differences are
found. It appears that suction has the effect of inhibiting plastic
deformation, as has been suggested in past studies. Regarding
the experimental results for the amounts of water drainage, for
the ps values below 20 kPa, what these actually represent is
absorption. Drainage occurs with the ps values above 20 kPa.
However, since these results include some in which the
absorption or drainage rate during the suction variation and
isotropic consolidation processes did not settle into conver-
gence, it is difﬁcult to make any speciﬁc observations about
the shear test. For a more detailed discussion, it would be
necessary either to allow more time for water transfer in the
suction variation and consolidation processes or else to
develop an experimental method for speeding it up. In the
calculated shear results in the drained and exhausted condition
(i.e., at constant suction), the amount of drained water
automatically increases with the degree of saturation at the
onset of shear because the volumetric strain is independent of
ps and the soil water characteristic curve used involves no
variation for degrees of saturation under drained and exhausted
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mental results for relationship between the degree of saturation
and axial strain in Fig. 9(d), there is a particularly noticeable
rise of around 10% in the degree of saturation in the ps¼0 kPa
result. Judging from the Fig. 9(c) test results, this must be due
to volumetric compression occurring during together with
water absorption. But as just mentioned, it is difﬁcult to say
anything speciﬁc about this in terms of the shear test only,
given that the water absorption did not continue as far as
convergence during the consolidation process following the
application of suction. In the calculated results, the degree of
saturation is constant throughout, reﬂecting the unique condi-
tions assumed for suction pressure and the degree of saturation
in the soil water characteristic curve. However, the experi-
mental results for ps¼30 and 50 kPa also conﬁrm the
existence of a slight rise in the degree of saturation even
though drainage is taking place at the same time. A similar
behavior is also visible in the calculated results for ps values
other than 0 kPa. Fig. 11 shows contour diagrams for the
distributions of the pore water pressure and degrees of
saturation in specimens of ps¼50 kPa set, which will feature
again below in the calculated results in Section 7. The pore
water pressure can be seen to rise higher above the value ﬁxed
at the drainage boundary as the distance from the boundary
increases, accompanied by a corresponding increase in the
degree of saturation. The reason for the nonuniform pore water
pressure distribution is attributable to the relatively fast loading
rates that prevent sufﬁcient movement of the pore water.
Although the data is omitted here, the distribution of the pore
air pressure remains nearly uniform at the same value as set at
the boundary. Thus even using a soil water characteristic curve
that treats the relationship between suction and degree of
saturation as unique, by approaching the calculation in the
manner of an initial and boundary value problem it is possible214
200
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Fig. 11. Distribution of the pore water pressure and the degree of saturation
within the test specimen (calculated results under the exhausted and drained
conditions when the suction is 50 kPa) Upper row: distribution of the pore
water pressure Lower row: distribution of the degree of saturation.to see that the degree of saturation varies within the specimen
even though the suction is apparently constant at its ends.
As this has shown, the inclusion of averaged soil skeleton
stress (Jommi, 2000) as a term in the stress equations makes it
possible to account for the mechanical behavior fact that the
strength of the material increases with the increase in the
suction applied. Also, since the relationship between applied
suction and degree of saturation is uniquely speciﬁed at the
element level so far as concerns the soil water characteristic
curve, there can be no change in the degree of saturation at
constant suction. In the experimental results for the ps values
of 30 and 50 kPa, the degree of saturation did increase slightly
during shear, but this phenomenon can be explained, in the
manner of a solution to an initial and boundary value problem,
as the result of the relatively fast loading rate and the
nonuniform pore water pressure distribution. For behaviors
under drained and exhausted conditions, however, where there
is variation in the volume of water as well as in the volume of
soil skeleton, it would probably be necessary to model the
system in more detail to take account of a number of other
factors in the soil water characteristic curve, most especially
the changes in the void ratios. With regard to the air coupling,
ﬁnally, no evidence was observed for any inﬂuence of air
compressibility on the results of the analysis under the
conditions reported here, as there was sufﬁcient freedom of
ﬂow to ensure that the pore air pressure distribution remained
uniform.
6. Undrained and unexhausted shear tests
The experimental and calculated results of triaxial compres-
sion tests under undrained and unexhausted conditions with
constant conﬁning pressure are shown in Figs. 12 and 13,
respectively. Note here that in Figs. 12(b) and 13 (b) for the
skeleton stress path, the straight line M¼ 1:23, which has an
intercept at 8 kPa in the results reported by Kodaka et al.
(2006), is made to pass through the origin. For the deviator
stress–axial strain relationship in Figs. 12(a) and 13(a), the
way the strength increases with the increase in suction ps is
successfully replicated. The reason behind this, as shown in the
skeleton stress paths of Figs. 12(b) and 13(b), is that the
skeleton stress path moves to the right for higher values of ps.
When ps is large, the degree of saturation is small and the
amount of air is large. Since air is more compressible than
water, the presence of air permits more compression of the soil
skeleton. As a result, the skeleton stress path moves to the right
and approaches the total stress path. The mechanism is the
same as the one that causes the effective stress path during the
triaxial shearing of saturated soil to move further to the right in
drained than in undrained conditions. In the volumetric strain–
axial strain relationships in Figs. 12(c) and 13(c), volumetric
strain obtained from the experimental results is nearly the same
for all values of ps, whereas the calculated results show it as
higher when ps is large. The reason here is because the speciﬁc
volume becomes smaller in the critical state as the mean
skeleton stress becomes larger in critical state saturated soil
mechanics. Finally, while the initial stiffness is found to be
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deviator stress–axial strain relationship in Fig. 12(a), the
calculated results in Fig. 13(a) fail to replicate this. This is
probably an inhibiting effect of the suction on the plastic
deformation.
In these tests, volume changes occur even under undrained
and unexhausted conditions because of the compressibility of
air. In other words, the volume change of the specimen, the
change in the volume of air in it, and the change in the degree
of saturation are linked in a unique relationship. For example,
in the case of ps¼50 kPa, for which a good simulation of the
volumetric changes is achieved both during and before shear
(Section 4), the amounts of change in the degree of saturation
(Fig. 13(d)), the pore air pressure (Fig. 13(e)), and the pore
water pressure (Fig. 13(f)) are also simulated well. But in the
case of ps¼0 kPa, for which the calculated volumetric changes
during and before shear (Section 4) are both smaller than the
experimental values, the simulation for the change in the pore
air pressure (Fig. 13(e)), in particular, is also not right. A ﬁnal
point that the authors would like to stress about the use of this
analysis code is that it enables the calculation of degrees of
saturation all the way up to the maximum occurring values in
excess of swmax¼70%, in the case of ps¼0 kPa, since it treats
the degree of saturation as an unknown and can solve it as such
(Noda and Yoshikawa, 2015).
The above ﬁndings have shown that the compressibility of
air has a signiﬁcant effect on the mechanical behaviors of soils
under undrained and unexhausted conditions. Most especially,
they also mean that with the use of the present analysis code,
which treats and solves degrees of saturation as an unknown
(Noda and Yoshikawa, 2015), it is possible to calculate
degrees of saturation even beyond swmax. This makes it possible
to evaluate correctly the compressibility of air even in cases
where ps is zero. Another point that was conﬁrmed by
comparing the experimental and calculated results was that
suction has the effect of inhibiting plastic deformation not only
under drained and exhausted conditions but also under
undrained and unexhausted conditions.
7. Undrained shear tests with air pressure control
Experimental and calculated results for triaxial compression
tests under undrained conditions and constant conﬁning
pressure with the pore air pressure controlled at various levels
are shown in Figs. 14 and 15, respectively for specimens
prepared at a pre-shearing suction pressure of 50 kPa. The rate
of air pressure control methods are as indicated in Fig. 14(e),
for various air pressure–axial strain relationships. Results are
shown for tests using 3 uniform rates of controlled air pressure
increase, 20 kPa/min (“Rapid”), 10 kPa/min (“Medium”), and
5 kPa/min (“Gradual”), as well as for a fourth condition in
which the volume of the specimen is maintained constant
(“Constant volume”). For comparison, the graphs also include
results obtained under drained and exhausted (“Drained”) and
undrained and unexhausted (“Undrained”) conditions. The
three shear test categories involving controlled uniform rates
of air pressure increase (Rapid, Medium, and Gradual) wouldconceivably ﬁt conditions such as a ground containing
methane hydrate in which the rapid decomposition of this
substance could raise the gas pressure to levels above those
that would occur in the unexhausted condition. The “Constant
volume” shear tests under air pressure control are those in
which the air pressure is controlled to maintain the volume of
the specimen constant during shear. One way of simulating
this in a calculation would be by adjusting the air pressure by
trial and error in response to the volume changes in the test
specimen just as in real testing. In this paper, however, the air
pressure required to maintain the constant volume condition
was computed by the analytical method described separately in
the Appendix.
The experimental and calculated results will now be
compared. First, regarding the deviator stress–axial strain
relationships in Figs. 14(a) and 15(a), the experimental and
the calculated results both show an increasing tendency for
softening to occur as the volume constraint grows stronger
(i.e., in the order Drained-Undrained-Gradual-Med-
ium-Rapid-Constant volume). This indicates a possibility
of strain softening behavior in cases of a rapid rise in pore air
pressure and means that a dangerous situation can occur where
gas is injected rapidly into a ground. Moving on to the soil
skeleton stress paths in Figs. 14(b) and 15(b), it can be seen
from the experimental results for the “Rapid”, “Medium,” and
“Gradual” rates of air pressure increase, as well as for the case
of “Constant volume,” that softening takes place below the
straight line indicated by M¼ 1:23 and that in all cases this
behavior is extremely well simulated in the calculations. This
accuracy is due to the insight that the softening that accom-
panies the plastic compression that occurs below the critical
state line in the p0–q stress ﬁeld can be expressed in terms of
the loss of structure. The experimental result in the case of
“Constant volume” is similar to the pattern of considerable
strain softening appearing in the effective stress path of a
saturated soil specimen in a fully undrained condition (Kodaka
et al., 2006; Oka et al., 2010), suggesting that the constant
volume shear condition of an unsaturated soil is close to that of
shear in a pseudo-saturated condition. In actual practice,
constant volume shearing is a common condition in box shear
tests, so that the results reported here for the constant volume
triaxial test ought to be of assistance in interpreting the results
of such tests. Of the volumetric strain–axial strain relationships
in Figs. 14(c) and 15(c), it can be said that although the
calculations do not simulate the experimental results with any
good accuracy, the features are well captured. However, as
already mentioned in Section 3, a caution has to be added that
the experimental values for volumetric strain are not reliable
for axial strains above 10%. As for the degree of saturation–
axial strain relationships in Figs. 14(d) and 15(d), provided that
the experimental and calculated results are compared making
due allowance for the dispersion that rather upsets the initial
values of the degree of saturation before shearing, it can be
said here, too, that the main features of the experimental results
are captured well in the calculations. This is thanks to the fact
that the amounts of change in the specimen volume and in the
degree of saturation are uniquely related in the undrained
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Fig. 14. Experimental results under various air boundary conditions.
 
0 2 4 6 8 10 12 14 16
0
100
200
300
400
500
Axial strain [%]
D
ev
ia
to
r s
tre
ss
 [k
Pa
]
Deviator stress - axial strain relationship
Calculation Drained
Undrained
Gradual
Medium
Rapid
Constant volume
100 200 300 400 500
100
200
300
400
500
0
D
ev
ia
to
r s
tre
ss
 [k
Pa
]
Mean skeleton stress [kPa]
M=1.23
Skeleton stress path
Drained
Undrained
Gradual
Medium
Rapid
Constant volume
0 2 4 6 8 10 12 14 16
36
37
38
39
Axial strain [%]
D
eg
re
e 
of
 s
at
ur
at
io
n 
[%
]
Degree of saturation - axial strain relationship
Constant volume
Drained
Gradual
Undrained
Medium
Rapid
0 2 4 6 8 10 12 14 16
0
1
2
3
4
5
6
Axial strain [%]
V
ol
um
et
ric
 s
tra
in
 [%
]
Volumetric strain - axial strain relationship
Drained
Undrained
Gradual
Medium
Rapid
Constant volume
0 2 4 6 8 10 12 14 16
150
200
250
300
350
400
450
Axial strain [%]
Po
re
 w
at
er
 p
re
ss
ur
e 
[k
Pa
]
Pore water pressure - axial strain relationship
Drained
Undrained
Gradual
Medium
Rapid
Constant volume
0 2 4 6 8 10 12 14 16
150
200
250
300
350
400
450
Axial strain [%]
Po
re
 a
ir 
pr
es
su
re
 [k
Pa
]
Pore air pressure - axial strain relationship
Drained
Undrained
Gradual
Medium
Rapid
Constant volume
Fig. 15. Calculated results under various air boundary conditions.
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Fig. 16. Distribution of the speciﬁc volume changes within the test specimen
(compression: positive) (calculated results under the undrained and constant
volume conditions).
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agreement regarding the pore air pressure–axial strain relation-
ships (Figs. 14(e) and 15(e)) as well as in the case of the pore
water pressure–axial strain relationships (Figs. 14(f) and 15(f)).
Fig. 16 is a contour display of the distributions of the
speciﬁc volume changes in the “Constant volume” shear test.
Owing to the migrations of pore air and water that take place, it
is interesting to ﬁnd soil elements in different conditions of
compression and expansion coexist in the specimens despite
the fact that specimens themselves are in the constant volume
condition. Two reasons for the up-down asymmetry in the
distributions are (i) the up-down asymmetry in the water
absorption-drainage and air absorption-exhaust conditions
before shearing and (ii) the fact that the air supply was located
at from the upper end during shearing in order to maintain the
constant volume. The effect of the void ratio on the soil water
characteristic curve is not considered in this paper, but the
results above suggest that when developing a model that takes
account of the effect of void ratio, the analysis should be
handled as an initial and boundary value problem even when it
concerns a test specimen.
The above results for the calculations of different kinds of
variations effected in the air boundary conditions demonstrate
that it is possible to reproduce the sorts of patterns that can
displayed by a soil as it switches from hardening to softening
behavior depending on the level of volumetric constraint it is
subjected to, and also show that the features relevant to
volumetric change and to changing degrees of saturation can
be successfully simulated. Softening behavior, in particular,
can be well represented in terms of the loss of structure, as
expressed in the SYS Cam-clay model. One ﬁnal suggestion to
offer is that strain softening behavior might also result from
some large rise in gas pressure.
8. Conclusions
The numerical simulation of triaxial shear tests on unsatu-
rated silty specimens (Kodaka et al., 2006) was performed
under constant conﬁning pressure and various drained and
exhausted conditions. The simulation made use of the soil–
water–air coupled ﬁnite deformation analysis code (Noda and
Yoshikawa, 2015) incorporating the SYS Cam-clay model
(Asaoka et al., 2002) as the constitutive equation and applying
the average soil skeleton stress (Jommi, 2000) in the stress
equation. As would be the case in the real experiment, the
processes of back pressure increase, suction variation, con-
solidation, and shear were all simulated beginning from a
“single initial condition”. As a result, it has shown that simply
by taking into account air coupling in formulating the
governing equations, it is possible to describe the distinctive
features of the mechanical behavior of the unsaturated silt
under the various drained and exhausted conditions. In
addition, the results also have shown other behaviors that
would have been outside the capability of the analysis
model that did not take account of factors other than air
coupling such as suction. The above is explained in more
speciﬁc terms below.In the simulation of the processes of suction variation and
isotropic consolidation, it is possible to reproduce well the
drainage behavior. However, absorption-induced collapse
compression cannot be expressed solely using skeleton stress
even in the set out form of an initial and boundary value
problem. During the stage in which suction approaches zero, it
was found that despite the large coefﬁcient of water perme-
ability, deformation and water absorption are able to continue
over protracted lengths of time (more than 24 h in the reference
tests) without settling into a course of converge.
In the simulation of the drained and exhausted shear tests
(with constant suction), the mechanical behavior of the
increase in strength with increasing suction has been success-
fully expressed by employing the average soil skeleton stress
(Jommi, 2000) in the stress equation. Moreover, since the
relationship between suction and degree of saturation is
uniquely speciﬁed at the element level so far as concerns the
soil water characteristic curve, there can be no change in the
degree of saturation at constant suction. In the experimental
results for the ps values of 30 and 50 kPa, the degree of
saturation did increase slightly during shear, but this phenom-
enon can be explained, in the manner of a solution to an initial
and boundary value problem, as the result of the relatively
fast loading rate and the nonuniform pore water pressure
distribution. With regard to the air coupling, no evidence was
observed for any inﬂuence of air compressibility on the results
of the analysis under the conditions reported here.
In the simulation of the undrained and unexhausted shear
tests, it has been shown that since the mechanical behavior is
signiﬁcantly affected by the compressibility of air, it is
possible, by simply taking into account air coupling, to
describe the differences in the mechanical behavior corre-
sponding to the differences in the degree of saturation. In
particular, it was demonstrated that by using this analysis code
to treat the degree of saturation explicitly as an unknown
(Noda and Yoshikawa, 2015), degrees of saturation higher
than the maximum degree of saturation can be calculated.
Therefore, it is possible to evaluate the compressibility of air
correctly even in cases where suction is zero.
In the simulation of the undrained shear tests with air
pressure controlled at various levels, it is possible to reproduce
the sorts of patterns that can displayed by a soil as it switches
from hardening to softening behavior depending on the level
of volumetric constraint. Softening behavior can be well
T. Yoshikawa et al. / Soils and Foundations 55 (2015) 1372–13871386represented in terms of the loss of structure described by the
SYS Cam-clay model. It has also shown that the features
relevant to volumetric change and to changing degrees of
saturation can be successfully simulated.
At the same time, it was found that in order to describe the
volumetric change and the stiffness at the initial stages of
shear, the analysis model needs to take into account the effect
of suction inhibiting plastic deformation, as has been suggested
in past studies. Such consideration is required not only during
drained and exhausted shear (with constant suction) but also
during undrained and unexhausted shear.
Finally, it was found that non-homogeneity appears in the
specimens as shown in the distribution diagrams for some
quantities within the specimens. For example, the contours
shown in Fig. 11 indicate that nonuniformity in the pore water
pressure distribution resulted in nonuniformity of suction. As a
consequence, both an increase and decrease in the degree of
saturation occurred in the upper part of the specimens. The
contour diagrams illustrating the changes of speciﬁc volume
(Fig. 16) show non-homogeneity of the speciﬁc volume within
the specimens. It is believed that there is non-homogeneity in
the actual specimens too.
In future studies on constitutive equations that take into
account the effects of suction and in studies on soil water
characteristics that take into account the effects of hysteresis
and void ratio change, it is believed that development of
analysis codes mounted with more reﬁned models would
require laboratory tests to be treated as initial and boundary
value problems consistently.
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Appendix. : Method of calculating boundary air pressures
that satisfy the constant volume condition through air
pressure control
One method of maintaining the constant volume condition
when simulating undrained shear behavior with the air pressure
control (exhaust or intake) described in Section 7 would be to
vary the boundary air pressures by trial and error as in the
experiments. In this paper, however, the air pressure at the
upper end of the ﬁnite element mesh shown in Fig. 6 was
treated as an unknown. In order to compensate for the
increased number of unknowns, the conditional equation (Eq.
(A.1)), which deﬁnes the invariability of the volume of the
specimen as a whole, was introduced as an additional equation
for solving the set of simultaneous equations.
Ds
Z
v
dv
 
¼
Z
v
trDdv¼ 0 ðA:1Þ
In the above equation, Ds indicates the material time
derivative operator as seen from the soil skeleton, D indicatesthe stretching tensor of the soil skeleton, and v indicates the
volume. Spatial discretization of Eq. (A.1) yields the following
equation:
XNE
i ¼ 1
Z
vi
Biv
 
vi
 
dv¼ 0; ðA:2Þ
where sufﬁx i is the element number, NE is the number of
elements, vi
 
is the column vector representation of the
velocity vector of the soil skeleton at the element nodes, and
Biv
 
is the matrix that satisﬁes Eq. (A.3) below.
tr D i ¼ Biv
 
vi
  ðA:3Þ
Eq. (A.2) can be expressed as shown below by the column
vector vf g, which represents the velocity vector of the soil
skeleton at all element nodes, and the corresponding super-
posed matrix Cv½ .
Cv½  vf g ¼ 0 ðA:4Þ
It is possible to obtain the simultaneous equations that need
to be solved by temporal discretization in which it is assumed
that Eq. (A.4) becomes valid at time t¼ tþθΔt (Noda et al.,
2008). The method of treating the pore air pressure at the
boundaries as an unknown is not limited only to calculations
that satisfy the constant volume condition as shown here. It can
also be applied to calculations such as those that satisfy equi-
pore-water-pressure or equi-pore-air-pressure conditions, thus
expanding the scope of analyses.References
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